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Spin(n) , \lambda --- ----
$\text{ ^{}-}$ {?}--$\mathrm{f}^{\mathrm{p}}7$ SO(n) , , $\#\nearrow^{\nearrow J}$
–
$*$








$G$ ( $G$ ) , $\mathrm{G}(M)$





;7 : $\Gamma(M, \mathrm{S}_{\rho})arrow\Gamma$ ( $M,$ $\mathrm{S}_{\rho}\otimes$ y $\mathbb{C}*(M)$ ) $\simeq\Gamma$ ( $M,$ $\mathrm{S}_{\rho}\otimes T\mathbb{C}$ (M)).
$\Gamma(M, \mathrm{S}_{\rho})$ $\mathrm{S}_{\rho}$ , $T_{\mathbb{C}}(M)=T(M)\otimes \mathbb{C}$ .
$\mathrm{S}_{\rho}\otimes T_{\mathbb{C}}(M)$ $\oplus_{\lambda}\mathrm{S}$ ,, $\lambda\rho$ ,
$\Pi$A : $\mathrm{S}_{\rho}$ & $T_{\mathbb{C}}(M)=\oplus_{\lambda}\mathrm{S}_{\lambda}arrow \mathrm{S}_{\lambda}$ .
, :
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gradients I $G=\mathrm{S}\mathrm{O}(n)$ , [19] (Stein and Weiss, 1968) 1
Stein-Weiss ) $[7](\mathrm{F}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{n},1976)$





. $w($ \rho ; $\lambda)$ conformal weight




. Branson $[1](1997)$ . ,





. $\mathrm{S}_{\rho}$ gradients $\{D_{\lambda}^{\rho}\}_{\lambda}$ $N$
, $[N/2]$ .
Branson [1]
([3], 2000). I\rightarrow , , Branson $\{a_{\lambda}\}$
, , (
) . $\lceil[8]$ , ,
Branson $?$
gradients 50(n) .












, (1) , (2) , (3)
, (4) , (5) , (6) G2, (7) Spin(7) .
,
. , (1) SO(n), (2) $\mathrm{U}(n/2),$ (3) $\mathrm{S}\mathrm{p}(n/4)\mathrm{S}\mathrm{p}(1),$ $(4)$
$\mathrm{S}\mathrm{U}(n/2),$ (5) $\mathrm{S}\mathrm{p}(n/4)$ , (6) $\mathrm{G}_{2},$ (7)Spin(7) ,
(4) (2) , (3) (5)










$D= \sum_{1\leq i\leq n}e$.$\cdot$ . $\nabla_{ej}$ ( $\{e_{i}\}_{i=1}^{n}$ ).
. $e:$ . ,
$ei$ . $ej$ . $+e_{j}e_{i}\cdot=-2\delta_{ij}$ .
$e_{j}e_{j}+\delta ij=-0je_{i}$ $+\delta$ji)(2.1)
( ) . ,
2 $\nabla_{e:,e_{j}}^{2}:=\nabla_{e:}\nabla_{e_{g}}-\nabla_{\nabla_{\mathrm{e}}e_{\mathrm{J}},:}$ . , $R(\cdot, \cdot)$ ,
$\nabla$2$.,e_{j}-$ R(ei, $e_{j}$ ) $/2=\nabla$2$j,ei-$ R(ej, $e$ ) $/2$ (2.2)
( ) . (2.1) (2.2) ,
$D^{2}- \nabla^{*}\nabla-\sum_{ij}e_{i}e_{j}R(e_{i}, e_{j})/2$
$= \sum_{j}.\cdot(e_{i}e_{j}+\delta_{\dot{\iota}j})(\nabla_{\mathrm{e}:\prime e}^{2},$ $-R(e_{\dot{\iota}}, e_{j})/2)=- \sum_{ij}(e_{j}e_{i}+\delta_{ji})(\nabla_{e_{J\prime}e:}^{2}-R(e_{j}, e_{i})/2)$
$=-(D2- \nabla"\nabla-\sum e_{i}ejR(e_{i}, ej)/2)$ .
* $\sum\nabla_{e.,e:}^{2}$. .
$\sum e_{i}e_{j}R(e_{j}, e_{\mathrm{j}})=\kappa/4$ (\kappa )
.
D2=\nabla ’’ $\kappa/4$ .
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. gradients , (2.1)
. gradient




3 SO $(n)RU\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(n)$ $\mathrm{F}\mathrm{f}\mathrm{f}\mathrm{l}-\vec{\overline{\mathrm{n}}\mathrm{f}\mathrm{f}\mathrm{l}}$
$n$
$\mathbb{R}^{n}$ , $\langle\cdot, \cdot\rangle$ , $\{e_{i}\}_{i=1}^{n}$ .
$e_{\mathrm{i}j}:=e_{i}\Lambda e_{j}\in\Lambda^{2}(\mathbb{R}^{n})$ , $e_{ij}(e_{k})=\delta_{ik}e_{j}-\delta_{jk}e$i $\mathbb{R}^{n}$ $e_{ij}$
, so(n) $\Lambda^{2}(\mathbb{R}^{n})$ .
$[e_{kl}, e_{ij}]=\delta_{ki}e_{lj}+\delta$kj $e_{il}-\delta_{il}e_{kj}-\delta$lj $e_{ik}$ , $e_{ij}=-eji$
. , $\{e_{ij}|1\leq i<j\leq n\}$ $\epsilon \mathrm{o}(n)$ .
$\epsilon o$ (n) $\mathfrak{h}:=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}_{\mathbb{R}}\{e_{2i-1,2i}|1\leq i\leq m=[n/2]\}$
. $(\sqrt{-1}\mathfrak{h})^{*}$ $\{\mu_{i}\}_{i=1}^{m}$ $\mu_{i}(-\sqrt{-1}e_{2j-1,2j})=\delta_{ij}$ ,
$\langle\mu.\cdot, \mu j\rangle=\delta_{ij}$ <[ $(\Gamma-1\mathfrak{h})^{*}$ $m$
$\mathbb{R}^{m}$ , $\mu$ { .
$\mu i=(0, \cdots,0,1,0,\cdots, 0)\check{i-1}\check{m-i}$
.
, SO(n) Spin(n) $(\pi, V)$ .
$V$ $\sqrt{-1}$ ) . , (weight)
$\nu$ $\{\mu_{i}\}_{i}$ ,
$\nu=\sum\nu^{i}\mu i=(\nu^{1}, \cdots, \nu^{m})\in \mathbb{Z}^{m}\cup(\mathbb{Z}+1/2)^{m}$ .
Weights , weight $\rho=(\rho^{1},$ $\cdots$ , \rho 1
. highest weight $\rho$ dominant -
$\rho^{1}\geq\rho^{2}\geq...\geq\rho^{m-1}\geq|\rho^{m}|$ , for $n=2m$,
$\rho^{1}\geq\rho^{2}\geq\cdots\geq\rho^{m-1}\geq\rho^{m}\geq 0$, for $n=2m+1$ .
, $\rho\in \mathbb{Z}^{m}\cup(\mathbb{Z}+1/2)^{m}$ , highest weight $\rho$
. SO(n), Spin(n),
so(n) $(=\epsilon \mathrm{p}\mathrm{i}\mathrm{n}(n))$ highest weight $\rho$ ( $\pi_{\rho},$ $V$p)
. $\rho$ $(\mathbb{Z}+1/2)^{m}$ , Spin(n) [ , SO(n)
. , highest weight , $k$ $j$
$k_{j}$ , 0 .
1. $\mathbb{R}^{n}\otimes \mathbb{C}$ $p$ $\Lambda^{p}(\mathbb{R}^{n}\otimes \mathbb{C})(0\leq p\leq[\frac{n-1}{2}])$
, highest weight $(1_{p})=(1, \cdots, 1,0, \cdots, 0)$ .
4
$\epsilon o(n)$ $\epsilon \mathrm{o}(n, \mathbb{C})$ , $U$ ( $\mathit{5}\mathit{0}$ (n, $\mathbb{C}$)) $|$
, so(n, $\mathbb{C}$ ) ( )
, XY-YX $=0$ (X, $Y\in \mathrm{s}\mathrm{o}(n,$ $\mathbb{C})$ ) XY-YX $=$
$[X, Y]$ . , 50(n) $(\pi, V)$ ,
, $(\pi, V)$ .
3 $U$ (50(n, $\mathbb{C}$ )) . $U$ ( $s\mathrm{o}($n, C)). 50(n)
. 3 .
3 , ,-
$c_{2}= \sum_{i^{j}}e$ijeji . $c_{2}$ ,
. , $c_{2}$ $V_{\rho}$ ,
$\pi$,(c2) $=2\langle\rho,\rho)+4\langle\rho$ , $\delta)$ $(4\cdot 1)$
. $\delta$ , ,
$\delta=\{$
$(m-1,m-2, \cdot\cdot, 1,0)$ for $n=2m$,
($m-1/2,m-3/2,$ $\cdot\cdot(,3/2,1/2)$ for $n=2m+1$ .
, ( $\pi(1_{1}),$ $\mathbb{C}$n) $\pi_{(1_{1})}(c_{2})=2(n-1)$ .
. $e_{i^{j}}^{q}$ ,






$\mathrm{a}\mathrm{d}(e_{kl})e_{j}^{q}.\cdot=$ [ $e_{k}\iota$ ,eigj]=\mbox{\boldmath $\delta$}k.$\cdot$ elqj+5kjeiql-\mbox{\boldmath $\delta$}de $\delta_{l^{j}}e_{ik}^{q}$ ,
$\sum_{1\leq k\leq n}$ epike $=e\text{ }.$





62 $\{1, \cdot\cdot|, 2m\}$ . .
3 (see[20]).
4.1. 1. ($n=2m$ ) { $c_{2},$ $c_{4},$ $\cdot\cdot \mathrm{t},$ $c_{2m-2},$ $\mathrm{p}$f} 3 .
$\mathrm{p}\mathrm{f}$ so(2m) $V_{\rho}$
$\pi_{\rho}$ (pf) $=(\rho^{1}+m-1)(\rho^{2}+m-2)\cdots(\rho^{m-1}+1)\rho^{m}$ . $(4\cdot 2)$
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2. ($n=2m+1$ ) $\{c_{2}, c_{4}, \cdots, c_{2m}\}$ 3 .
Remark 1. $=$ .
. , .
2 , .
$e_{i^{j}}^{q}$ $\{e_{ji}^{q}\}_{q}$ ( ) $e_{i^{j}}^{q}$
. $\hat{e}_{i^{j}}:=e_{i^{j}}+\frac{n-1}{2}\delta_{i^{j}}$ , $\hat{e}_{i^{j}}^{q}$
$\hat{e}_{i_{\dot{J}}}^{q}$




$:= \sum\hat{e}_{ii}^{q}$ . .
4.2. $\{\hat{e}_{i^{j}}^{q}|q=0,1,2, \ldots, i,j=1, \ldots, n\}$ .
$[\hat{e}_{kl},\hat{e}_{jj}^{q}]=\delta_{ki}\hat{e}_{l^{j}}^{q}+\delta_{k^{j}}\hat{e}_{il}^{q}-$ $\delta_{il}\hat{e}_{k^{j}}^{q}$ $\delta_{l^{j}}\hat{e}_{ik}^{q}$ ,
$\sum_{k}\hat{e}_{jk}^{p}\hat{e}_{k^{j}}^{q}=\hat{e}_{i^{j}}^{p+q}$
, $\hat{e}_{i^{j}}=$ $-\hat{e}_{ji}+(n-1)\delta_{i^{j}}$ .
, .
e^ l $= \delta_{j^{j}}\hat{c}_{q}-\hat{e}_{j}^{q}.\cdot-\sum_{k}\hat{e}_{k^{j}}^{q}\hat{e}_{ki}$ . $(4\cdot 3)$
(4.3) , $\hat{e}_{i^{j}}^{q}$ $\{\hat{e}_{ji}^{q}\}_{q}$ $\sum_{p=0}^{q}a$^ $q,p\hat{e}_{j}^{p}$.
. $\hat{a}_{q}$ ’p $\{\hat{c}_{9}\}_{q}$
. , $\{\hat{a}_{q,p}\}_{q\geq}p\geq 0$ .




$\hat{e}_{i^{j}}^{2^{q}}=\hat{e}_{ji}^{2^{q}}+\sum_{p=0}^{2^{q}-1}(-1)^{p}\hat{c}_{\mathit{2}^{q}-1-p}\hat{e}_{ji}^{p}$ , $(4\cdot 5)$
$\hat{e}_{i^{j}}^{\mathit{2}^{q}+1}=-\hat{e}_{j}^{2}$,q“l-\^eR $+ \sum_{p=0}^{2^{q}}(-1)^{\mathrm{p}}\hat{c}_{2^{q-p}}\hat{e}_{ji}^{\mathrm{p}}$. $(4\cdot 6)$
$(4\cdot 6)$ , ,




$\hat{E}_{ij}^{q}=(-1)^{q}\hat{E}_{j}$qi , $\hat{E}_{ij}^{2q+1}=-\hat{E}_{ji}^{2q+1}$ (
) .
$n=2m$ pf . $\mathrm{p}\mathrm{f}$
. $e_{ij}^{q}$ $c_{q}$
. $\mathrm{p}\mathrm{f}$ $U$ (50(n, $\mathbb{C}$)) .





. $\mathfrak{S}_{2m}^{i^{j}}$ $\{1, \cdots, 2m\}\backslash \{i,j\}$ .
$\sum_{i}\mathrm{p}\mathrm{f}_{ii}=2m\mathrm{p}\mathrm{f}$ . (4.4) ,
, .
4.5( 2).
$\mathrm{p}\mathrm{f}_{i^{j}}+\mathrm{p}\mathrm{f}_{ji}=2\delta_{ij\mathrm{P}}\mathrm{f}$ . (4 $\cdot$7)
2(4 ). $\mathbb{R}^{4}$ $\{e_{i}\}_{i=1}^{4}$ .
$\mathrm{p}\mathrm{f}_{12}=e_{34}$ , $\mathrm{p}\mathrm{f}_{13}=-e24,$ $\mathrm{p}\mathrm{f}_{14}=e_{23}$ ,
$\mathrm{p}\mathrm{f}_{23}=e_{14}$ , $\mathrm{p}\mathrm{f}_{24}=-e13,$ $\mathrm{p}\mathrm{f}_{34}=e_{12}$ .
. $*$ $\mathrm{p}\mathrm{f}_{i^{j}}=*e_{i^{j}}(i\neq j)$ .
5 Gradients
SO(n) Spin(n) $(\pi_{\rho}, V\rho)$ , $(\pi(1_{1}), \mathbb{C}^{n})$
. $V_{\rho}\otimes \mathbb{C}^{n}$ $V_{\rho}\otimes \mathbb{C}^{n}=\oplus_{\lambda}V$\lambda , $V_{\lambda}$
$\mathrm{I}\mathrm{I}_{\lambda}^{\rho}$ : $V_{\rho}\otimes \mathbb{C}^{n}arrow V_{\lambda}$ . $V_{\lambda}$ $V_{\rho}\otimes \mathbb{C}^{n}$
. gradients
(1.1) , gradients .
5.1. $\xi\in \mathbb{C}^{n}$ , $V_{\rho}$ $V_{\lambda}$ $p_{\lambda}^{\rho}(\xi)$ ,
$\mathbb{C}^{n}\cross V_{\rho}\ni(\xi, \phi)-*p_{\lambda}^{\rho}(\xi)\phi:=$ $\lambda\rho(\phi\otimes\xi)\in V_{\lambda}$ .
$p_{\lambda}^{\rho}(\xi)$ $p_{\lambda}^{\rho}(\xi)$
” , $p_{\lambda}^{\rho}(\xi)$




5.2. [$7_{J}$ Theo$rem$ 3.4]
1. \lceil n=2m $\lceil_{n=2m}+1$ pm=0 , $V_{\rho}\otimes \mathbb{C}^{n}$
highest weight $\rho\pm\mu_{i}$ $(i=1,2, \cdot. . , m)$ dominant ,
2. $n=2m+1$ $\rho^{m}>0$ . highest weight $\rho$ $\rho\pm\mu_{i}$
$(i=1,2, \cdot. . , m)$ dominant .
3. .
4. $p$ ( $\pi(1_{\mathrm{p}}),$ $V$op) $)$ . $V(1_{p})\otimes$
$\mathbb{C}^{n}=\mathrm{I}(2,1_{\mathrm{p}-1})\oplus V(1_{\mathrm{p}+},)\oplus V(1_{\mathrm{p}-1})$ . gradients ,
$C$ , $d$, $d^{*}$ .
, .
$U$ ( $\epsilon \mathrm{o}$ (n, $\mathbb{C}$ )) . , .
5.3. $p_{\lambda}^{\rho}$
$\sum_{i}p_{\lambda}^{\rho}(e_{i})\pi_{\rho}(e\dot{.}j)=w(\rho;\lambda)$ p$\lambda\rho(ej)$ for each $j$ , (5.1)
$w($ \rho ; $\lambda)$ $\rho$
$\lambda$ confofmal weight
, .




. $V_{\lambda}$ $\pi_{\rho}\otimes\pi_{\mu 1}$ (c2) $\pi_{\lambda}(c_{2})$ , (4.1)
$C$ $V_{\lambda}$ $4w($ \rho ; $\lambda)\mathrm{i}\mathrm{d}$ .










id $\otimes\pi_{\mu 1}(e_{j})\pi_{\mu 1}(e_{ji})$
$=2$
$\sum_{\mathrm{i}^{j}}\pi$
,(eij) $\otimes\pi_{\mu}$1 $(e_{ji})$ .
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,
$C( \phi\otimes e_{i})=2\sum_{kl}\pi$,(ekl) $\phi\otimes\pi_{\mu 1}(e_{lk})e_{i}=2\sum_{kl}\pi$,(ekl) $\phi\otimes$ ( $\delta_{il}$ e$k-\delta_{ki}$el)
$=4 \sum_{k}\pi$,(eki) $\phi\otimes ek$ $=4 \sum_{\lambda}\sum_{k}p_{\lambda}^{\rho}(e_{k})\pi_{\rho}(e_{ki})\phi$ .
, $\lambda$ [ $\Sigma_{k}p_{\lambda}^{\rho}(e_{k})\pi_{\rho}(e_{ki})=w($ \rho ; $\lambda)p_{\lambda}^{\rho}(e_{i})$ .
5.4. $i,j=1,$ $\cdots,$ $n$ , .
$\sum_{\lambda}p_{\lambda}^{\rho}(e_{i})^{*}p_{\lambda}^{\rho}(e_{j})=\delta$ ij. $(5\cdot 2)$
Proof. $\phi,$ $\psi\in V_{\rho}$ ,
$\delta$
ij $\langle\phi, \psi\rangle=\langle\phi\otimes e\mathrm{b} \psi\otimes ej\rangle=\sum_{\lambda}(p_{\lambda}^{\rho}(e_{i})\phi,p_{\lambda}^{\rho}(e_{j})\psi\rangle=\langle\sum_{\lambda}p_{\lambda}^{\rho}(e_{j})^{*}p_{\lambda}^{\rho}(e_{i})\phi,$$\psi)$ .










. $V_{\rho}\otimes \mathbb{C}^{n}$ $N$ . $N=\#\{\lambda|V_{\lambda}\subset$
$V_{\rho}\otimes \mathbb{C}^{n}\}$ . highest weight , $\lambda_{1}=\rho+\mu_{1}>$
$\lambda_{2}>\cdot\cdot\{>\lambda_{N}$ ,
$w(\rho;\lambda 1)>w(\rho;\lambda 2)>\cdot$ . . $>w$ ($\rho;\lambda$N)
. , $n=2m$ $\rho=$ ( $\rho^{1},$ $\cdots,$ $\rho$m) $\rho^{m-1}>\rho^{m}=0$
, $\lambda_{+}:=\rho+\mu_{m}$ $\lambda_{-}:=\rho-\mu_{m}$ ghest weight
, conformal weight ,
$w(\rho;\lambda 1)>w(\rho;\lambda 2)>‘$ . . $>w(\rho;\lambda+)=w(\rho;\lambda_{-})>\cdot\cdot$ . $>w$ ( $\rho;\lambda$N).
$n=2m$ $\rho^{m-1}>\rho^{m}=0$ .
conformal weights , . 5.5 ,
($p_{\lambda_{1}}^{\rho}$ (e pHl $(e_{j}),$ $\cdots,p_{\lambda_{N}}^{\rho}$ (e pQN $(e_{j})$ ) $W^{t}=(\delta_{i^{j}}, \pi_{\beta}(e_{i^{j}}),$ $\cdots$ , $\pi_{\rho}(e_{i^{j}}^{N-1}))$
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. $W$ $N\cross N$
$W=(\begin{array}{lll}1 1 1w(\rho\cdot,\lambda_{1}) w(p\cdot,\lambda_{\mathit{2}}) w(\rho\cdot,\lambda_{N}).| .(w(\rho\cdot,\lambda_{1})^{N-1} w(\rho,.\lambda_{2})^{N-1} w(\rho\cdot,\lambda_{N})^{N-1}\end{array})$
$W$ $p_{\lambda}^{\rho}(e_{i})^{*}p_{\lambda}^{\rho}(e_{j})$ $\{\pi_{\rho}(e_{i^{j}}^{q})\}_{q}$
. , $\{\pi_{\rho}(e_{i^{j}}^{q})\}_{q}^{_{arrow\#\mathrm{e}}^{\underline{\backslash }}}\backslash$ [ $p_{\lambda+}^{\rho}(e_{i})^{*}p_{\lambda+}^{\rho}(ej)$ $p_{\lambda_{-}}^{\rho}(e_{i})^{*}p_{\lambda-}^{\rho}(ej)$












5.7. $p_{\lambda}^{\rho}(e_{i})^{*}p_{\lambda}^{\rho}(e_{j})$ $\{\pi_{\rho}(e_{i^{j}}^{q})\}_{q}$ $\pi_{\rho}(\mathrm{p}\mathrm{f}_{i^{j}})$ .









(p$\lambda(\beta e_{i})^{*}p_{\lambda}^{\rho}(e_{j})+p_{\lambda}^{\rho}(e_{j})^{*}p_{\lambda}^{\rho}(e_{i})$ ) $=0$ .
. ,
. (4.4) (4.7) . $e_{i^{j}}^{q}$
87























(pf)(p$\lambda\rho$ ( $\xi)*p\rho\lambda$ ( $\eta)+p\lambda\beta(\eta)^{*}p_{\lambda}^{\rho}(\xi)$ ) $=2\pi_{\rho}(\mathrm{p}\mathrm{f})\langle\xi, \eta\rangle$ , $(5\cdot 9)$
$\sum_{\lambda}\pi_{\lambda}$
(pf)(w($\rho;\lambda)-$ l)(p$\lambda(\beta\xi)^{*}p_{\lambda}^{\rho}(\eta)+p_{\lambda}^{\rho}(\eta)^{*}p_{\lambda}^{\rho}(\xi)$ ) $=0$ . $(5\cdot 10)$
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, $C_{q}$ so (n) . –
SO(n) SPin(n) .
5.9. $g\in \mathrm{S}\mathrm{O}(n)$ { $g\in \mathrm{S}\mathrm{P}\mathrm{i}\mathrm{n}(n)$ , $\xi\in \mathbb{C}^{n}$ ,
$p_{\lambda}^{\rho}(\pi_{\mu 1}(g)\xi)=\pi_{\lambda}$ (g)p$\lambda\rho(\xi)\pi_{\rho}(g^{-1})$ .
Proof. $g\in \mathrm{S}\mathrm{O}(n)$ $V_{\beta}\otimes \mathbb{C}^{n}=\oplus_{\lambda}V$\lambda ,
$\sum_{\lambda}\pi_{\lambda}$
(g)p$\rho\lambda(\xi)\phi=\sim$ $\otimes\pi_{\mu}$ 1 $(g)(\phi\otimes\xi)=\sim(g)$ $\otimes\pi_{\mu_{1}}(g)\xi=\sum_{\lambda}p_{\lambda}^{\rho}(\pi_{\mu 1}(g)\xi)\pi_{\rho}(g)\phi$
. , $p_{\lambda}^{\rho}(\pi_{\mu 1}(g)\xi)=\pi_{\lambda}(g)p_{\lambda}^{\rho}(\xi)\pi_{\rho}(g^{-1})$ .
$c_{q}$ , (5.4) $\sum$ p$\sqrt$ei)lp$\sqrt$e
. , . ,
5.10. $V_{\rho}$ $d(\rho)$ ,
$\sum_{i}p_{\lambda}^{\rho}$




$\pi_{\rho}(c_{q})=\frac{1}{d(\rho)}\sum_{\lambda}w(\rho;\lambda)q$ d$(\lambda)$ , $\pi_{\rho}(\hat{c}_{q})=\frac{1}{d(\rho)}.\sum_{\lambda}\hat{w}(\rho;\lambda)q$ d$(\lambda)$ .
Proof. $\{\phi_{\alpha}\}_{1\leq\alpha\leq d(}$p) $V_{\rho}$ .
$\square _{\lambda}^{\rho}$ , $\Pi_{\lambda}^{\rho}$ ,
$d( \lambda)=\sum_{\alpha i},$
$\langle$nx $(\phi_{\alpha}\otimes e_{i}),$ $\phi_{\alpha}\otimes ei\rangle$ $= \sum_{\alpha i},(p_{\lambda}^{\rho}(e_{i})\phi_{\alpha},$ $\sum_{\lambda’}p_{\lambda}^{\rho},(e_{i})\phi_{\alpha}\rangle$
$= \sum_{\alpha i},$
$\langle$p$\rho\lambda$ (ei) $\phi_{\alpha}$ , $p_{\lambda}^{\rho}(e_{i})\phi_{\alpha}\rangle$
$= \sum_{\alpha}(\phi_{\alpha}, \phi_{\alpha})\sum_{i}p_{\lambda}^{\rho}(e\dot{\cdot})^{*}p_{\lambda}^{\rho}(e_{i})$
$=d( \rho)\sum_{i}p_{\lambda}^{\rho}(ej)^{*}p_{\lambda}^{\rho}(e_{i})$ .
$\sum_{i}p_{\lambda}^{\rho}(e:)^{*}p_{\lambda}^{\rho}(e_{i})=d(\lambda)/d$ (\rho ) .
[16] . $d(\rho)=\dim V$\rho
, $c_{q}$
. , $d(\lambda)$ $d$ (\rho )








$(M,g)$ $n$ , SO(M)
. SO(n) $(\pi_{\rho}, V\rho)$ ,
$\mathrm{S}_{\rho}:=\mathrm{S}\mathrm{O}(M)\cross_{\pi_{\rho}}$ $V_{\rho}$ . ,
.
6.1. $\mathrm{S}_{\rho}\otimes T_{\mathbb{C}}(M)=\mathrm{S}_{\rho}\otimes(T(M)\otimes \mathbb{C})$ $\oplus_{\lambda}\mathrm{S}$ \lambda
. , .
$D_{\lambda}^{\rho}$ : $\Gamma(M, \mathrm{S}_{\beta})arrow\Gamma(M, \mathrm{S}_{\rho}\nabla\otimes 7\mathbb{C}*(M))\prec\simeq\Gamma$ ( $M,$ $\mathrm{S}_{\rho}\otimes$ 7c(M)) $-^{\lambda}\Pi^{\rho}\mathrm{Y}(M, \mathrm{S}_{\lambda})$ .
$\lambda\rho$ erwise . $D_{\lambda}^{\rho}$ $\rho,$ $\lambda$ gradient .
, . gradient
$\ovalbox{\tt\small REJECT}$ $p_{\lambda}^{\rho}$ ,




, ([13] ) -
6.2( ). $g$ $g’=\exp(2\sigma)g$ ( $\sigma\in C^{\infty}$ (M)) .
g7 gmdient $D_{\lambda}^{\rho}$ $g’$ gmdient $D_{\lambda}^{\prime\rho}$ :
$D_{\lambda}^{\prime\rho}=e(w(\rho;\lambda)-1)\sigma \mathrm{o}D_{\lambda}^{\rho}\circ e^{-w}(\rho j\lambda)\sigma$.
$w($ \rho ; $\lambda)$ conformal weight .
7
Gradients , $\mathrm{S}_{\rho}$
. $T$ (M) $e=$ ( $e_{1},$ $\cdots,$ $e$n)
, $R_{T}$ $R_{ijkl}:=g$ ( $R_{T}$ (ei, $ej$ ) $e_{k},$ $e_{l}$ ) .







$\mathrm{A}_{\acute{i}jkl}$ $:=E_{ik}\delta_{jl}+E_{jl}\delta_{ik}-E_{il}\delta_{jk}-E_{jk}\delta_{il},$ $W_{ijkl}:=R_{\dot{\not\in}jkl}-E_{ijkl}-S_{ijkl}$ .
$W_{ijkl}$ , $\Sigma_{i}W_{ijil}=0$ $E_{i^{j}}$
, $E_{i^{j}}=E_{ji},$ $\sum$i $E_{ii}=0$ -
, $\mathrm{S}_{\rho}$ ,
$X,\mathrm{Y}2$ $:=\nabla_{X}\nabla_{Y}-\nabla_{\nabla_{X}Y}$
, $\mathrm{S}_{\rho}$ $R_{\rho}(X, Y)=\nabla_{X\mathrm{Y}}^{2},-\nabla_{YX}^{2}$,
$R_{\rho}(e_{i}, e_{j})= \frac{1}{2}\sum_{i^{j}}R\dot{\cdot}jkl\pi_{\rho}(e_{kl})$
. $R_{\rho}$ $e_{i^{j}}^{q}$ .









$R_{ijkl}$ $R_{\rho}^{q}$ $\hat{R}_{\rho}^{q}$ .




5. $M$ $S^{n}$ $R_{\rho}^{q}$ $\pi_{\rho}(c_{q+1})$ .







, (1) $M$ $R_{\rho}^{\mathrm{p}\mathrm{f}}=A \frac{(\mathrm{p}\mathrm{f})\kappa}{-1}\pi n$ . (2) ,
$R_{\rho}^{\mathrm{p}\mathrm{f}}=\Sigma_{ijkl}W_{ijkl}\pi_{\rho}(\mathrm{p}\mathrm{f}_{i^{j}}e_{kl})/2$ .






$\nabla_{e_{i}}^{2}$ , $ej=\nabla^{*}\nabla$ ,
. ‘ $\mathrm{S}_{\rho}$ , $\nabla^{*}\nabla:=-\Sigma_{i}\nabla_{e^{j},e^{j}}^{2}$
. (4.5)
$\ovalbox{\tt\small REJECT}=\sum_{i^{j}}$,\pi \rho (e^ )(\nabla e2:,eJ $-\nabla_{e_{j},\mathrm{e}_{i}}^{2}$ )









$\sum_{\lambda}\{\sum_{p=0}^{2^{q}-1}\pi$, $(\hat{c}_{2^{q-}}1-p)(-\hat{w}(\rho;\lambda))p\}(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}=\hat{R}_{\rho}^{2}$q, $q=1,2,$ $\cdots$ $(7\cdot 2)$
$n$ , .
$\sum_{\lambda}2$
( $\pi_{\rho}(\mathrm{p}\mathrm{f})-\pi_{\lambda}$ (pf))(DK)’DK $=R_{\rho}^{\mathrm{p}\mathrm{f}}$ . $(7\cdot 3)$
92
, , $\lambda\pm:=\rho\pm\mu_{m}$ , .
$(D_{\lambda+}^{\rho})^{*}D_{\lambda+}^{\rho}-(D_{\lambda-}^{\rho})^{*}D_{\lambda-}^{\rho}=- \frac{1}{4\pi_{\lambda+}(\mathrm{p}\mathrm{f})}\sum_{ijkl}W_{ijkl}\pi_{\rho}(\mathrm{p}\mathrm{f}_{i^{j}}e_{kl})$. $(7\cdot 4)$
. gradients
$N$ , $\{D/>.\cdot\}_{i=1}^{N}$ $\langle$ , Branson
$[N/2]$ ( ) (7.2) (7.3)
$[N/2]$ . (7.2)
$v$ (q) ,
$v(q):=^{t}$ ( $\sum_{p=0}^{2^{q}-1}(-1)^{p}\pi_{\rho}(\hat{c}_{2^{q-}1-p})\hat{w}(\rho;\lambda$ 1) $p$ , $\cdot$ . . , $\sum_{p=0}^{2^{q}-1}(-1)^{p}\pi_{\rho}(\hat{c}_{2q-1-p})\hat{w}(\rho;\lambda$N)$p$ ).
$V$ (q) $:=(v$(y, $v$ (2), $\cdot$ . . , $v($ q)) $q\cross 2q$ $C$ ( q) $2q\cross N$ $W$ ( q)
.
$C(q):=(\begin{array}{llll}\pi_{\beta}(\hat{c}_{1})-\pi_{\beta}(\hat{c}_{0}) 00 0 0-\pi_{\beta}(\hat{c}_{2})\pi_{\rho}(\hat{c}_{3}) \pi,(\hat{c}_{1}) -\pi_{\beta}(\hat{c}_{0}) 0 0|\cdot\cdot .\cdot\pi_{\rho}(\hat{c}_{2^{q}-1}) -\pi_{\beta}(\hat{c}_{2^{q}-2}) \pi,(\hat{c}_{1}) -\pi_{\rho}(\hat{c}_{0})\end{array}),$
$W(q):=(\begin{array}{lll}1 1 1\hat{w}(\rho\cdot,\lambda_{1}) \hat{w}(\rho\cdot,\lambda_{2}) \hat{w}(\rho\cdot,\lambda_{N})\hat{w}(\rho,.\lambda_{1})^{2} \hat{w}(\rho,.\lambda_{2})^{2} \hat{w}(\rho,.\lambda_{N})^{2}|\cdot\cdot \cdots \cdots\hat{w}(\rho\cdot,\lambda_{1})^{2^{q}- 1} \hat{w}(\rho\cdot,\lambda_{2})^{2^{q}- 1} \end{array})$
, conformal weight . $V([N/2])=$
$C([N/2])W([N/2])$ $[N/2]$ . $V([N/2])$
$[N/2]-1$ , (7.2) (7.4) . ,
$[N/2]$ , Branson
.
7.4. (7.2) (7.3) t gradients} ,
.
, Branson
. Branson [2] ,
. : .
$(D_{\lambda}^{\rho})^{*}\pm D_{\lambda}^{\rho}\pm$ ( ),
$\sum_{\lambda},\frac{1}{w(\rho\cdot\lambda)+\frac{n-2}{2}}(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}+\frac{\kappa}{2(n-1)}$ ( ). (7.5)
6.2 , .
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Remark 3. $\Lambda^{0}(M)$ (7.5) ( ) .
(7.5) .
[2] , $\mathrm{S}_{\rho}$ gradients $N$ ,
(7.5) . (7.5)
. $N$ , $(1)n=2m$
$\rho^{m}\neq 0,$ $(2)n=2m+1$ $\rho^{m}=1/2,$ (3) . , Branson
.
7.5([2]). $\lceil_{n=2m}$ $\rho^{m}\neq 0$ $n=2m+1$ \rho m=1/2
. .
$\sum_{\lambda}.\frac{1}{w(\rho,\lambda)+\frac{n-2}{2}}(p_{\lambda}^{\rho}(\xi)^{*}p_{\lambda}^{\rho}(\eta)+p_{\lambda}^{\rho}(\eta)^{*}p_{\lambda}^{\rho}(\xi))=0$ for $\xi$ and $\eta i$n $\mathbb{R}^{n}$ . $(7\cdot 6)$
$n=2m$ $\rho^{m}\neq 0$ . , (7.6)
. $\rho^{m}\neq 0$ , $\pi_{\rho}(\mathrm{p}\mathrm{f})\neq 0$ ,
(5.7) (5.9) (7.6) . , (7.3) ,
$\sum_{\lambda}.\frac{1}{w(\rho,\lambda)+\frac{n-2}{2}}(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}+\frac{\kappa}{2(n-1)}=-\frac{1}{4\pi_{\rho}(\mathrm{p}\mathrm{f})}\sum W_{ijkl^{7}},(\mathrm{p}\mathrm{f}_{i^{j}}e_{kl})$. $(7\cdot 7)$
. , Branson
. $n=2m$ $\rho^{m-1}>\rho^{m}=0$
(7.4) $(D_{\lambda+}^{\rho})’ D_{\lambda+}^{\rho}-(D_{\lambda_{-}}^{\rho})^{*}D_{\lambda_{-}}^{\rho}$ .
$n=2m+1$ \rho m=1/2 .
(7.6) . $n$
. 7.4 (7.6)
(5.8) $(q=1, \cdots, [N/2])$ .
$\lceil_{n=2m}+1$ \rho m=1/2 ,






7.6. Gmdients $N$ ,
. ,
(7.4) , (7.8) . $N$
, .
, ,






, gradients $N$ ,
$[N/2]$ . $[N/2]$





$M$ . $T(M)\otimes \mathbb{C}--T^{1,0}(M)\oplus T^{0,1}(M)$
. $\mathrm{S}_{\rho}$ $1,0+\nabla^{0,1}$ , $(1, 0)$-Kihlerian
gradients $\{D_{\lambda}^{\rho}\}_{\lambda}$ $(0, 1)$-Kihlerian gradients $\{D_{\lambda}^{\rho},\}_{\lambda}$ , .
$\sum_{\lambda}a_{\lambda}(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}=\sum_{\lambda’}b_{\lambda’}(D_{\lambda}^{\rho},)’ D_{\lambda}^{\rho},$
$+$ ( $\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}$ action)
. $(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}$ $\{(D_{\lambda}^{\rho},)^{*}D_{\lambda}^{\rho},\}_{\lambda’}$
. , $\mathrm{S}_{\rho}$ $\phi$
. $\phi\in \mathrm{k}\mathrm{e}\mathrm{r}\nabla^{0,1}=\bigcap_{)’}\mathrm{k}$er $D_{\lambda}^{\rho}$, .
$(D_{\lambda}^{\rho})^{*}D_{\lambda}^{\rho}$ . ,
.










Semmelmann and Weingart, 1999)
.
[18] (Semmelmann and Weingart, 2002) $\mathrm{A}$ .
, ,
95
. [14] . ,
[14] .
(3)
Berger , , (a) ( $\mathrm{S}\mathrm{U}(n/2)$
) -. (b) ( $\mathrm{S}\mathrm{p}(n/4)$ ) -. (c) $\mathrm{G}_{2}$ , (d) Spin(7) .
(a) ( $\mathrm{S}\mathrm{U}(n/2)$ ) ,
( ) ,
, . ,
$\mathrm{U}(n/2)$ $\mathrm{S}\mathrm{U}(n/2)$ , 1 $\mathrm{A}\mathrm{a}$ .
(b) ( $\mathrm{S}\mathrm{p}(n/4)$ ) [ll](Homma, 2004) .
$(\mathrm{c})-(\mathrm{d})$ (G2(n), Spin(7) )
[17](Semmelmann, 2004) . [17]






, [17] $\mathrm{G}_{2}$ , Spin(7)
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